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The thermodynamic theory of sedimentation equilibrium is reviewed with special emphasis on solutions of flexible long
chain molecules. The analyses indicate that the weight average molecular weight of this class of solutes, irrespective of the
molecular weight heterogeneity, can be obtained in a straightforward manner only in ideal solutions. The molecular
weight of a monodisperse polymeric solute in a non-ideal solution can in principle also be obtained from this type of experi-
ment but with a great deal more difficulty. However, if the solute is polydisperse and the solution non-ideal, theory indi-
cates that no reliable molecular weight average can be determined at present from experiments performed in the equilib-
rium ultracentrifuge. To investigate some of these conclusions it is first demonstrated that ideal solution of flexible chain
molecules over a wide range of concentrations and of molecular weights can be achieved in the equilibrium centrifuge. For
this initial study polyisobutylene was chosen as the polymer and ethyl n-heptanoate as solvent. Determination of the
critical consolute temperature as a function of molecular weight indicated that ideal behavior could be attained at 34°, the
temperature at which the sedimentation equilibrium experiments were carried out in a Svedberg ultracentrifuge. After
the molecular weights were determined from these experiments, measurements were also made in a good solvent, isoctane,

and the methods and difficulties involved in interpreting such data are discussed.

Introduction

The equilibrium: ultracentrifuge was one of the
earliest instruments developed to study the thermo-
dynamic behavior of solutions of macromolecules.
In principle, from an analysis of the mass distribu-
tion of solute along the length of the centrifuge cell,
one can obtain information as to the molecular
weight of the solute (or the average molecular weight
if it is polydisperse) as well as information about
deviations from ideal behavior. For thermody-
namically ideal solutions a simple and exact anal-
ysis exists so that experimental results can be
properly interpreted.? However, though all solu-
tions must behave ideally as infinite dilution is ap-
proached it is usually experimentally impracticable
to work at the extremely low concentrations re-
quired with solutions of macromolecules.

The introduction of the necessary corrections
for non-ideality that are required to properly inter-
pret experiments performed with solutions of
flexible chain molecules is extremely difficult. The
concentration of a single solute species in equi-
librium in a centrifugal field will increase as the dis-
tance from the center of rotation increases. As
the solute concentration increases, so must the mag-
nitude of the correction for deviations from ideality.
If the non-ideality correction is expressed as a
power series expansion in concentration, it is a
priors difficult to tell, except for initially very dilute
solutions, how many terms will be adequate. For
a heterogeneous solute the situation is further
complicated by the fact that both the mass and the
distribution of molecular weights will vary along
the length of the cell. Recent theoretical and ex-

(1) Presented in part at the 128th American Chemical Society
meeting, Minneapolis, Minn., Sept. 11-16, 1955.

(2) T. Svedberg and K. O. Pedersen, “The Ultracentrifuge,” Ox-
ford, 1940, p. 48.

perimental studies®* on the thermodynamic prop-
erties of solutions of chain molecules indicate that
the non-ideality corrections will depend very
markedly on molecular weight heterogeneity.
Thus for this situation the necessary corrections
will be further complicated.

A large majority of the experimental results re-
ported®—7 for long chain molecules have involved
good solvents where the non-ideality corrections
are severe. 'To interpret these results the various
investigators have of necessity been forced to
make certain arbitrary assumptions. It has been
assumed that only the second virial coefficient need
be considered, and further that the virial coefficient
is independent, both of molecular weight and molec-
ular weight distribution. The consequences of
these assumptions in determining the molecular
weights of long chain flexible molecules are con-
sidered in this paper. The deviations from ideality
can, of course, be minimized by performing the ex-
periments in poorer solvents. For the more com-
pact macromolecules, such as the globular pro-
teins, the deviations from ideality are not too
severe in the accessible concentration range. Such
systems will not be considered here.

On the other hand, it is now well known that
ideal behavior can be attained for solutions of long
chain flexible molecules over a wide range of solute
concentrations by an appropriate choice of solvent
and temperature. Under these conditions, com-

(3) P.J.Flory and W. R. Krigbaum, J. Chem. Phys., 18, 1086 (1950).
(4) W. R. Krigbaum and P. J. Flory, J. Am. Chem. Soc., 75, 1775

'(1953).

(5) K. E. Van Holde and J. W. Williams, J. Polymer Sci., 11, 243
(1953).

(6) M. Wales, J. W. Williams, J. O. Thompson and R. H. Ewart,
THIS JOURNAL, 52, 983 (1948).

(7) M. Wales, F. T. Adler and K. E. Van Holde, ibid., 65, 145
(1951).
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monly call the “6 temperature” or “Flory tem-
perature,” the second and all higher virial coeffi-
cients vanish for all molecular weights and molee-
ular weight distributions. This situation arises
because at the © point the net interaction between
segments of a pair of polymer molecules is zero so
that molecules can freely overlap. These condi-
tions are analogous to the Boyle point of a real gas,
and therefore polymer solutions obey van’t Hoff’s
law.® The rather important theoretical reason for
performing sedimentation equilibrium experiments
under these conditions has already been empha-
sized and the contributions that might result from
experiments conducted in such a manner have been
indicated.? The main purpose of this paper is to
demonstrate experimentally that ideal solution be-
havior can be achieved in the equilibrium ultra-
centrifuge for solutions of long chain molecules
over a wide range of molecular weights. Thus the
theoretical difficulties in interpreting the experi-
mental data are circumvented. It will be shown
that under these conditions the analyses of the ex-
perimental data are extremely simple, both for
homogeneous and heterogeneous solutes, and that
many of the- original objectives that led to the de-
velopment of the instrument by Svedberg might be
realizable for solutions of long chain molecules.

Experimental Details

Materials.—The polyisobutylene fractions used in this
study were obtained from two samples of commercially
available whole polymer supplied by the Esso Standard Oil
Company. Fractions A and F were obtained from the whole
polymer designated as B-100 by fractional precipitation
with acetone of an initial 0.5% solution in benzene, following
the procedure described by Flory.® Fractions B, C, D and
E were obtained from the whole polymer having the desig-
nation LMS. Fraction C was the first fraction obtained by
the single precipitation of a 1%, benzene solution; fractions
B, D and E were obtained by further separation of the sec-
ond fraction. The above letter designation of the fractions
is merely for convenience in the subsequent discussion, and
does not reflect the order in which they were obtained.
For the present study no special effort was made to obtain
sharp fractions. The viscosity average molecular weights
of the fractions used are given in Table I and were deter-
mined from intrinsic viscosity measurements in benzene at
24° where the relation [5] = 10.7 X 10—* M*/2 has been
shown to be valid.1t

The solvents used, isodctane and ethyl z-heptanoate,
were of reagent grade and used as received.

Precipitation Temperatures.—The precipitation tempera-
tures of solutions of the polymer fractions in ethyl n-hep-
tanoate were obtained following the experimental procedure
desceribed by Shultz and Flory.l? For this system it is
important that drying columns be attached to the precipita-
tion tubes in order to obtain reliable results. Precipitation
temperatures reproducible to =0.1° were obtained, and
when plotted against concentration for each fraction the
curves pass through the expected maximum. The maxi-
mum temperature in this plot is the critical consolute tem-
perature. s

Ultracentrifuge.—A modified Svedberg equilibrium ultra-
centrifuge, manufactured by LKB Produkter (Sweden),
was used in this investigation. The modifications of the
standard instrument have been described previously.’* Four
different solutions can be studied at the same time without

(8) P. J. Flory, “Principles of Polymer Chemistry,” Cornell Uni-
versity Press, Ithaca, N. Y., 1953, p. 528 and 532,

(9) Ref. 8, p. 307.

(10) P.J. Flory, J. Am. Chem. Soc., 65, 372 (1943).

(11) T. G Fox and P. J. Flory, 4bid., 73, 1909 (1951).

(12) A.R. Shultz and P. J. Flory, 1bid., 74, 4760 (1952).

(13) M. Wales, P. G. Sulzer and L. C. Williams, J. Research Natl.
Bur. Standards, 50, 69 (1953).
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the loss of any accuracy. The rotor of this instrument was
immersed in a thermostat maintained constant to within
=+0.007°. For the systems studied here, equilibrium could
be attained in four to fourteen days depending, of course, on
the concentration, molecular weight and solvent used.
The scale line displacement method was used, reference runs
being made at each speed with each of the cells filled with
pure solvent. The scale line displacements, Z, were meas-
ured from the reference lines using a Mann comparator
having an accuracy of &1 u. A synchropulsed Strobolux
light source, appropriately filtered to isolate the 5460 A.
line, was used.

The scale line displacement is related to the index of re-

fraction gradient dn/dz along the length of the cell by the

relation
Z = Gab dn/dz

where G is the scale magnification factor obtained by direct

measurement of the scale and scale photograph, a is the

optical path length through the solution of a given cell,

and b is the optical distance from the scale to the center of

the cell. The index of refraction gradient is related to the

g_oncentration gradient of the solute in the cell by the rela-
ion

de/dz = (dn/dz)/(dn/dc)

For dilute solutions of polyisobutylene in iso5ctane the value
of dn/dc has been reporteds as 1.42 X 10—3 (g./dl.)1.
For polyisobutylene in ethyl n-heptanoate dn/dc was meas-
ured at 34°, using a Phoenix Differential Refractometer
and is 1.04 X 103 (g./dl.)"L. To obtain the partial specific
volume of this polymer in ethyl n-heptanoate at 34°, densi-
ties of dilute solutions were measured using a calibrated
pycnometer and a semi-microbalance. The partial specific
volume was caleulated from these data by the method of
intercepts as described by Lewis and Randall,* and was
1.106 em.3/g.; the density of the solvent at this temperature
is 0.8563 g./cm.? For polyisobutylene in isoéctane at 25°,
the quantity of interest (1 — 7p) is 0.272.5

The scale line displacements were plotted against z, for
about 20 to 30 values of z for each experiment and a smooth
curve drawn through the data from the meniseus to the
bottom of the cell. The necessary integrations of the Z
against z curves to obtain the molecular weights (see Dis-
cussion) were performed numerically using Simpson’s rule.

Discussion and Results

General Theory.—The analysis of the equilib-
brium state attained by a solution in the ultra-
centrifuge represents a special case of heterogeneous
equilibrium in a force field. In this case the field
can be described by the centrifugal potential ¢
which assumes a definite value at each point z, the
distance outward from the center of rotation. We
shall consider a multicomponent solution com-
posed of one solvent component designated by the
subscript 1, and r — 1 chemically identical poly-
meric solute components designated by the indices
2,8,...,r. The criterion for equilibrium is that for
each of the components the total potential must be
uniform throughout the force field. Thus at point
x

dp® + M d¢® = 0 (1)

there being r such equations, one for each com-
ponent. In equation 1, ;™ is the chemical poten-
tial of species i at point x, and M; is the molecular
weight of this component. By applying standard
thermodynamic methods as described by Pedersen?
and Goldberg? one obtains the relation that

(14) G. N. Lewis and M. Randall, “Thermodynamics,” McGraw—
Hill Book Co., New York, N. Y., 1923, Chapter IV.
(15) R.J. Goldberg, THiS JOURNAL, 57, 194 (1953).
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Mi(l —5:@p@) e dr =

F=2

(Opi/ONx) @r, o1, M. 0 ANLP  (2)
- Nj F Nk

In equation 2, 7;® is the partial specific volume of
component i at point z, p™ the density of the solu-
tion at point z, Ny the mole fraction of component
k and the centrifugal potential d¢™ has been re-
placed by its equivalent—w?z dz where o is the an-
gular speed of rotation.

In order to discuss the behavior of polymer solu-
tions in the equilibrium ultracentrifuge it will be
convenient to express the results obtained above
in terms of the osmotic pressure at point . This
can be accomplished by multiplying both sides of
equation 5 by 7;® the number of moles of component
1 at point z, and summing over all polymer species.
Then

4!
3 m@M; (1 — 9@p®@) w2z dz =
=2
» ;&)
E E n:®@(dpi/ONL) @1, N;...N;.. . NAN®  (3)
i=2 k=2 "
Nj % Nk

the assumption being made that the partial specific
volume is independent of molecular weight. By
use of the relation

pl(z) e ,‘1(::,0) = —qg@ Vl(z) (4)
and the Gibbs-Duhem relation in the form
i
> ni®(dpi/dNk) Pz, = 0 (5)

i=1
there is obtained

T

3 (Mm@ VX1 -02p @tz () = @r/00)®
i=2
®)

where 1,0 is the chemical potential of pure solvent
at point z, 7 is the osmotic pressure at point z, and
c. 1s the concentration at point z expressed as
grams of solute per unit volume of solution. The
expression

> @M i/m@ 7@

i=2
is equal to the number of grams of solute per unit
volume of solvent at z. In dilute solution this
quantity can be set equal to ¢;. The error intro-
duced is insignificant so that equation 6 can be
written as

(1 — #®p@) wrex/(de/dz)* = (dx/dc)> (7)

Equation 7 is a general relation describing the
equilibrium of a dilute solution in the ultracentri-
fuge. It is applicable to ideal as well as non-ideal
solutions Irrespective of the polydispersity of the
solute. However, in interpreting the behavior of
such solutions it is convenient to consider sep-
arately the problems involved in treating ideal and
non-ideal solutions.

Ideal Solutions.—Over the concentration
range in which a solution is ideal, van’t Hoff’s law
is obeyed so that

@ = (RT/Mn®)cx (3)
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where M is the number average molecular weight
of the solute at z. For the special case of a single
component solute equation 7 becomes

dex/dz = [(1 — #®@p@) w2z/RT] cxM
which can be written in the alternative form as
H ®@¢./(de/dz)® = RT/M (9-1)

As Goldberg? has pointed out a close analogy ex-
ists between equations 9 and 9-1 and the expres-
sion relating the excess turbidity of a polymer solu-
tion at zero angle and infinite dilution to the poly-
mer molecular weight. The significant difference
between the expressions is that in the light scat-
tering case the equation is applicable to the solu-
tion as a whole; while for sedimentation equilib-
rium it is only applicable at point z.
For a multicomponent solute

©)]

(des/dz)* = }r: deix/dz =

i=2

r
[(1 — §@p) w2z /RT] E c=lM; (10)
i=
Since the weight average molecular weight at z,
My is defined as
T
> eixMifex
i=2
we obtain the result that
Mex = [RT/(1 — 59p@)0w2z] (dex/dz)ex (11)

Equation 11 gives the weight average molecular
weight at point 2, while the quantity of interest is
the weight average molecular weight of the poly-
mer. This quantity can be obtained by integrat-
ing equation 11 over the length of the centrifuge
cell, taking cognizance of the fact that a sector
shaped cell is used.’® Thus for the weight average
molecular weight of the polymer

M, = fzb Myxzexdz /fxb XCxdz (12)
Ta Za

where the limits of integration represent the ex-
tremities of the cell, z, being the meniscus position
and 7z, the bottom of the cell. If the necessary
integrations are performed using equation 11 the re-

sultis

My = [2RT/(1 — vp)w®] [1/eo(zp® — xa")]f: (de/dz)dz
(13)

where M, is the weight average molecular weight
of the solute and ¢, is the initial solution concen-
tration in the centrifuge cell. In performing the
integration we have assumed that 7 and p are in-
dependent of x and hence of polymer concentration
and of pressure; these assumptions would appear
to be adequate in dilute solutions.

Equation 13, valid only for ideal solutions, ex-
presses the weight average molecular weight in
terms of directly measurable quantities. The
term (dex/dz) is directly related to the scale line
displacements and the necessary integrations can
be performed either numerically or graphically.
The M, calculated from equation 13 should be the

(16) T. Svedberz and K. O. Pedersen, “The Ultracentrifuge,”
Oxford, 1940, p. 7.
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same for different initial polymer concentrations,
alleviating the necessity of making any arbitrary
and hazardous extrapolations of the data to infi-
nite dilution. Thus, if ideal solution behavior can
be achieved in the ultracentrifuge, My, can be very
simply determined without reference to whether
the solute is monodisperse or polydisperse, or to the
nature of the polydispersity. The determination
of My in the ultracentrifuge independent of total
concentration and over a wide composition range
can be taken as a sufficient criterion that ideal solu-
tion behavior has been achieved.

The attainment of ideal behavior for a given
polymer involves the appropriate selection of sol-
vent and temperature. This choice is not un-
limited since the operation and design of the centri-
fuge itself impose certain restrictions. The tem-
perature selected must, of course, lie within the op-
erating range of the instrument. The solvent—
polymer system must be such that the term a1 —
p) is not so small as to make the rate of sedimen-
tation too slow. Also the inherent lack of precision
in measuring a small (1 — p) would be reflected
in inaccurate molecular weights. Finally the in-
dices of refraction of the polymer and solvent must
differ appreciably so that the scale line displace-
ment method can be used to measure the concen-
tration gradient along the length of the cell.
Though these conditions appear formidable they
are not too difficult to fulfill. We have selected
for our initial study the system polyisobutylene as
polymer and ethyl n-heptanoate as solvent. We
shall describe how the “© temperature” or ideal
solution conditions can be determined independent
of the sedimentation equilibrium experiments and
discuss the results of such experiments when per-
formed under these conditions.

According to thermodynamic theory of polymer
solutions the critical miscibility temperature, 7,
of a binary polymer-solvent system depends on
molecular weight according to the following rela-
tion!?

1/Te = (1/8) [1 + (/1) (1/X¥2 + 1/2X)] (14)

when X is the ratio of the molar volume of the
polymer to that of the solvent; i.e., the number of
segments per polymer chain. y,; is an entropy
parameter, and © is the critical miscibility tem-
perature for polymer species of infinite molecular
weight, being defined as the maximum temperature
for the coexistence of two liquid phases. At the
temperature 77 = O, it has been shown theoreti-
cally® and verified experimentally’™®® that poly-
mer solutions of any molecular weight behave
ideally. That is, van’t Hoff’s law is followed at all
concentrations, for all molecular weights and molec-
ular weight distributions. Thus the conditions
for ideal solution behavior can be obtained from
studies of the dependence of T, on M. From such
studies the © temperature can be deduced.lt.i?
In Table I the values of T, for fractions of poly-
isobutylene in ethyl n-heptanoate are given and the
data are plotted in Fig. 1 according to the sugges-
tion of equation 14. A linear plot results and © is

(17) W. R. Krigbaum and P. J. Flory, J. Am. Chem. Soc., 75, 5254

(1953).
(18) W. R. Krigbaum, ibid., 76, 3758 (1954).
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found to be 33 == 1° which is in very good agree-
ment with the previous estimate of Fox and
Flory.11
TasLe I
Crrrrcar MisciBiirry TEMPERATURE OF POLYISOBUTYLENE
Fractions 1N ETHYL n-HEPTANOATE

Fraction My Mw Te, °C.
D 78,500 85,000 5.0
B 268,000 278,000 16.2
E 215,000 15.6
A 560,000 588,000 22.6
F 2,830,000 28.3
C K 131,000

Exploratory experiments utilizing the equilib-
rium ultracentrifuge were performed with this
system in the temperature range of 32-34° and as
a result of these measurements the © temperature
was taken as 34°. The imposition of 6 conditions
does not prevent the attainment of sedimentation
equilibrium in a reasonable length of time; five to
twelve days were usually required for the system
studied here. Sedimentation equilibrium experi-
ments were then made under these conditions with
four of the polymer fractions over a wide initial
concentration range for each. Weight average
molecular weights were caleculated from the data
by means of equation 13 and the results are sum-
marized in Table II. These calculations are, of
course, performed without any regard to the poly-
dispersity of the sample.. For each of the frac-
tions, the values of M that are obtained are in-
dependent of the initial concentration of polymer.
The absolute value of the molecular weight of each
fraction must of course reflect the uncertainty in
the factor (1 — vp). Since for the system under
consideration this quantity is equal to 0.053, a 19,
error in the determination of ¥ can result in a 109,
error in the molecular weight. However, any cor-
rections from this cause would be uniformly ap-
plied to all molecular weights. :

Tarre IT

Mw CarcuraTEp FrOM EQUATION 13 FOR FRACTIONS OF
PIB v ETaYL n-HEPTANOATE AT 34.0°

co, g./dl. Mw €0, g./dl. Mw
Fraction A Fraction C
0.122 604,000 0.5011 133,000
.122 594,000 .8150 130,000
.229 583,000 .9696 133,000
.308 578,000 1.1695 128,000
8ot 5__—____82’000 av. 131,000 == 1,000
av. 588,000 == 4,000
Fraction B Fraction D
0.269 272,000 0.605 84,400
.302 279,000 0.879 83,400
.425 278,000 1.236 87,000
.555 276,000 1.5116 83,000
.636 282,000 1.8178 86,000
TR 2.0600 85,700
av. 278,000 = 2,000 2.3882 85,000

av. 85,000 =% 500

The deviation of molecular weights of each of
the fractions at different concentration is small and
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well within the experimental error. These results,
obtained under © condition, are the theoretically
expected ones and satisfy the condition for ideal
solution behavior. For ideal solution the deter-
mination of the weight average molecular weight is,
from a theoretical point of view, extremely simple.
Extrapolation to infinite dilution is unnecessary
since the molecular weight can be determined from
an experiment involving only a single concentra-
tion. The thermodynamic analysis which allows
the molecular weight to be ecalculated is almost
exact; the only approximations are those pertain-
ing to the solution concentration which introduce
negligible error. Experiments performed in this
manner yield absolute weight average molecular
weights. Thus when sedimentation equilibrium
experiments are performed under these conditions
important and useful unambiguous information can
be obtained. Though attainment of ideal - be-
havior in the equilibrium centrifuge has only been
demonstrated for a specific polymer-solvent system
at an appropriate temperature there is no reason
to expect that similar studies cannot be carried
out with other polymer—solvent systems. If more
heterogeneous polymeric solutes are studied under
these conditions, then higher molecular weight

averages could be obtained by methods of analysis.

previously described.’®'® In practice, the deter-
mination of the higher molecular weight averages,
such as M, and M, require accurate values of
the scale line displacement at the extremities of the
cell. The optical system used with the centrifuge
does not allow the direct determination of Z at z,
and zp; these quantities are usually determined by
extrapolation.??! For very polydisperse solutes
this fact makes the reliable determination of the
molecular weight averages greater than M, diffi-
cult even under ideal conditions, but does not pre-
vent the determination of M.

Non-ideal Solutions.—The results that have been
obtained under “© conditions” can be immedi-
ately used to investigate the applicability of this
experimental technique to the study of non-ideal
solutions. In discussing the sedimentation equilib-
rium of non-ideal polymer solutions it is advisable
to divide the discussion into two portions: One
part deals with the problem of a monodisperse
solute while the other portion considers the case
where the solute is heterogeneous with respect to
molecular weight.

For these purposes it is convenient to expand the
osmotic pressure, at point z in the centrifugal field,
in virial form. Thus

(r/ex)® = RT [4:® + A:¥ex + A% + ...] (15)

If we consider first a monodisperse solute, then
A; can be set equal to 1/M/ and the superscript
can be omitted from the higher virial coefficients
since the molecular weight will be uniform through-
out the entire centrifuge cell. Equation 15 can
also be written in an alternative form?

(19) M. Wales, Tr1s JournaL, 52, 235 (1948).

(20) T. Svedberg and XK. O. Pedersen, “The Ultracentrifuge,”
Oxford, 1940, p. 319.

(21) J. B. Nichols and F. D. Bailey, Chapter XIIT in “Physical
Methods of Organic Chemistry,” Vol. I, Part I, Edited by A. Weiss-
berger, Interscience Publishers, New York, N. Y., 1949.
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Fig. 1.—Plot of the reciprocal of the critical temperature
against the molecular size function of equation 18 for poly-
isobutylene fractions in ethyl n-heptanoate.

(w/es)* = (RT/M)[1+ Tecx + Tacx®+ ....]1 (16)

where Ts = M4, and T; = MA; Relating the
third virial coefficient to the second by the expres-
sion?? T'; = ¢gI'»? we obtain the following relation
valid at any point z for a single solute component

(1 = 9p)o’c/BT)es/(dex/dz) = (1/M)[1 + 2Facx +
3gTv%e + ...] (17)

In good solvents ¢ will have the value of about one
third so that equation 17 becomes

(1 — #p)e? z/RT) cx/(dex/dz) 22 (1/M)[[1 + Tacs]?
(18)

Thus if dex/dz and ¢x are known as a function of z,
a point by point analysis can be made of a single
experiment and the molecular weight and virial co-
efficients obtained.?® By appropriately integrat-
ing the experimentally determined (dex/dx) against
x curve, the values of ¢; can be obtained. How-
ever, extremely accurate values of de./dz are re-
quired for this purpose and the conditions of the ex-
periments must be such that low values of dec/dz
are avoided, otherwise the quantity of interest
¢x/(des/dz) will be unreliable. A further difficulty
presents itself in that one does not know a prior:
how many terms in the virial expansion need be con-
sidered. In light scattering or osmotic pressure
measurements, solutions sufficiently dilute can be
studied so that the consideration of only the first
three virial coefficients is usually adequate. How-
ever, in the equilibrium ultracentrifuge, for com-
parable initial concentrations, the mass of solute
distributes itself along the length of the cell so that
the concentration near the bottom of the cell may
be two to three times the initial concentration.
Thus at each point in the cell a different number of
(22) W. H. Stockmayer and E. F. Casassa, J. Chem. Phys., 20, 1560
1952).
L (23§ Alternatively equation (17) can be integrated over the length
of the centrifuge cell and the molecular weight and virial coefficients
determined from the resulting equations.
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virial terms will have to be considered. If these
theoretical and experimental difficulties could be
overcome, then the possibility exists that from a
single observation one can obtain the same infor-
mation utilizing the equilibrium ultracentrifuge
that is obtained only after a series of measurements
at different concentrations using other techniques,
such as light scattering and osmotic pressure.

The appropriate expression for the sedimentation
equilibrium of a heterogeneous solute can be ob-
tained by using relations developed by Flory and
Krigbaum? in treating the similar situation in light
scattering. Thus, for a polydisperse non-ideal
solute equation 17 can be written as
[(1 — 5p)o®s/RT] [ex/(dex/dz)] = 1/Mux + 242" @ +

; (19)
For a heterogeneous solute the coefficient A5’ is not
identical with A4,, the coefficient appropriate to os-
motic pressure measurements. It has been theo-
retically predicted® and experimentally substanti-
ated! that both these coefficients depend on molec-
ular weight and molecular weight heterogeneity,
though each in a different manner. Equation 19
is only valid at point z, and to determine the weight
average molecular weight of the sample the inte-
gration indicated by equation 12 must be per-
formed. However, since the distribution of molec-
ular weights must vary with z, the term 4,’® must
in general also vary with z. Thus to perform the
necessary integration, the dependence of 4,'® on
molecular weight and molecular weight distribu-
tion must be specified. However, the present
theoretical and experimental understanding of the
thermodynamic behavior of polymer solutions,
does not allow the appropriate expression to be for-
mulated in any tractable form. Hence, the neces-
sary integration to obtain the weight average molec-
ular weight of the polymer under these experi-
mental conditions cannot be accomplished. From
these considerations we conclude that unambig-
uous information cannot be obtained from a study
of the sedimentation equilibrium of a non-ideal solu-
tion of polydisperse long chain molecules.

It has been suggested that the condition that
A,’ must vary with molecular weight and molec-
ular weight distribution can be relaxed. Thus
procedures have been developed for treating the
sedimentation equilibrium of non-ideal polydis-
perse polymer solutions by assuming A4, is inde-
pendent of x in these cases. Under these conditions
equation 19 can then be written as®

1/M e = 1/Mux + 245%cy (20)
where M °wx represents a “molecular weight” at z,
calculated as if the solution behaved ideally at this
point, z.e., the molecular weight calculated accord-
ing to equation 13. Following the treatment of
Williams and Van Holde® equation 20 is written as
Mux = M°x/(1 — 24"5c:M %) (21)
If the denominator is expanded in a power series
Mox = M°x [1 + 247 M wxex + 44,2M °xex? el
(22)
By multiplying each term in equation 22 by ¢,z dz
and integrating over the extremities of the centri-
fuge cell there 1s obtained
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1/M° =21/M,, +
24, [
€o/2 (zp? — z.2)M °2

o4, f Mot dr
Za

zb
MO0 dx:l X

Ia

Zzb
f M °2c. 2z dz
Ta

> L (23)
1494, f Mo dz
Ta

Zb
M°wex dz
Ta

By assuming that the term in the brackets is ap-
proximately unity Van Holde and Williams® ob-
tained

o 24

1/M° = 1/My + — o tcaz)M"w*

&b
: f M°ez dz (24)
Za

or

1/M°s = 1/My + 24scs (25)

or where ¢’y is a new concentration variable defined
as

¢y = [2/(co(zp? — 7a2)M °52)] f = Mesc?r dz
Ta

For the concentration and molecular weights stud-
ied here ¢y exceeds o by about 15 to 309,. In this
procedure only the second virial coefficient has
been considered and its dependence on molecular
weight and molecular weight distribution has been
neglected. Furthermore, the series expansion of
equation 21, which leads to equation 22, tacitly as-
sumes a low value of the virial coefficient, since
effectively only the second term is retained. On
the other hand equation 25 offers the advantage
that the weight average molecular weight of the
solute is very simply expressed in terms of quanti-
ties readily obtainable from the experimental data.
It is thus important to assess the validity or limita-
tions of this analysis. To study this point, sedi-
mentation equilibrium experiments were under-
taken using a good solvent, isoéctane, with the
same polymer fractions previously studied under
““© conditions.”

The data obtained from these studies are shown
in Fig. 2 where according to equation 25 the recip-
rocal of My, is plotted against ¢,. When the data
are plotted in this manner straight lines result and
if the analysis is correct the intercept at ¢’y = .0
should represent the reciprocal of the weight aver-
age molecular weight. However, the horizontal
dashed lines in this figure represent the results ob-
tained for the same polymers under ideal solution
conditions (the data of Table II), where the actual
molecular weight is, of course, independent of con-
centration. The molecular weights obtained in the
good solvent and the “© solvent” differ by about
25% in the higher molecular weight range. = As the
true molecular weight decreases this discrepancy
becomes less and for a molecular weight of 85,000
the two results are virtually identical. Thus for
low molecular weights, where the deviations from
ideality will be less severe, the above analysis seems
to be adequate. We therefore conclude that the
suggested method of treating non-ideal solutions,
equation 25, would be inaccurate except when ap-
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plied to solutions of low molecular weight solutes.
Other methods™* suggested to treat this problem
are similar in principle to the one just described and
offer no substantial improvement in results.

The difficulties involved in treating the sedi-
mentation equilibrium in good solvents can be
realized if results with the same solute in good sol-
vents and under ideal solution conditions are
treated as though they behave as ideal two com-
ponent system.® Lansing and Kraemer,?* starting
with equation 12, have derived an expression that
is applicable to an ideal fwo componeni system.
Their results are
In (Z/z) = In (Z/z)s + (M(1 — vp)w?/2RT) (2* — 23)

(26)

Thus for an ideal two component solution a plot of
In (Z/z) against 22 should be linear and the slope is
directly related to the molecular weight. It has
already been shown that weight average molecular
weights can be determined unambiguously from
equation 13 without having to assume that the
solute consists of only one species. Thus a plot
according to equation 26, of the data obtained un-
. der © conditions will yield information as to the
polydispersity of the solute since the slope at any
point z is representative of the molecular weight,
calculated as though the solute were monodisperse.
For the experiments involving polyisobutylene in
ethyl n-heptanoate at 34° straight lines should re-
sult if the fractions are monodisperse; deviations
from linearity will be due solely to polydispersity.
Once information regarding the polydispersity of
the solute is obtained, treatment of experiments
performed in iso6ctane according to equation 26
should yield qualitative information as to the effect
of deviations from ideality on the apparent molec-
ular weight. It must be realized that non-ideal
behavior will give an apparent molecular weight
at any point which will be less than the true molec-
ular weight of the solute.

Representative data obtained in both ethyl n-
heptanoate and isodctane for two different con-
centrations of each fraction are plotted in Fig. 3
according to equation 26. For illustrative pur-
poses, apparent ‘“ideal molecular weights” were
calculated from the slopes at two points, the
meniscus and at the bottom of the cell. These re-
sults are summarized in Table III. For fraction
A straight lines result in these plots for the experi-
ments performed under © conditions (Fig. 3a).
Since the slopes of these lines yield a molecular
weight of 570,000, which is in excellent agreement
with that previously deduced from equation 13, we
can conclude that this sample is monodisperse as
far as observations in the equilibrium ultracentri-
fuge are concerned. The results for the same solute
in isodctane are given in Fig. 3a, and curves with
gradually decreasing slopes are obtained, indicating
that the “apparent” ideal molecular weight is con-
tinuously decreasing. The initial apparent molec-
ular weight is about 460,000 and gradually de-
creases to about 200,000. These observations can
be explained by the fact that the concentration in-
creases as the distance from the center of rotation

(24) W. D. Lansing and E. O. Kraemer, J. Am. Chem. Soc., 67,
1369 (1935).
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Fig. 2.—Plot of the reciprocal of the weight average
molecular weight, calculated as though the solution were
ideal, against the concentration variable ¢)’. Solid lines
for polyisobutylene fractions in isodctane at 25°; dashed
lines for same fractions in ethyl n-heptanoate at 34°.

increases. Since the non-ideality contribution to
the total potential at any point is greater, the

TasLe ITI

ApparENT IDEAL MoLECULAR WEIGHTS AS DEDUCED FROM
Ficure 3 Accorping To EQUATION 26

5 In ethyl n- ~ Isodctane,
Fraction heptanoate 34° 25°
A (a) Meniscus 570,000 460,000
Base 193,000
(b) Meniscus 578,000 470,000
Base 206,000
B (a) Meniscus 296,000 272,000
Base 163,000
(b) Meniscus 306,000 268,000
Base 159,000
D (a) Meniscus 63,000 60,500
Base 173,000
(b) Meniscus 60,000 59,000
Base 173,000
2 (a) Results at lower concentration. (b) Results at

higher concentration.

greater the concentration, it will increase with in-
creasing z. Therefore the apparent ideal molecular
weight must be continually decreasing. The non-
ideality contribution is appreciable in this case and
these results illustrate the difficulties in trying to
determine the true molecular weight from experi-
ments in good solvents by calculating apparent
ideal 1nolecular weights at finite concentrations
even when polydispersity complications are absent.
Since fraction A behaves as a monodisperse solute,
then the true molecular weight and higher virial
coefficients should be obtainable from the experi-
ments in isodctane by use of equation 17 or 18.
Unfortunately in these experiments, the scale line
displacements at the low values of z were relatively
small. Although this presents no difficulty in
evaluating integrals of the type
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Fig. 3.—Plot of log (Z/x) against z2. a for fraction 4, in ethyl n-heptanoate at 34° O ; upper eurve ¢y = 0.229 g./dl.;
lower curve, ¢y = 0.122 g./dl. in isodctane at 25° @ ; upper curve ¢ = 0.214 g./dl.; lower curve ¢, = 0.118 g./dl. b for
fraction B, m ethyl n-heptanoate at 34° O ; upper curve ¢ = 0.555 g./dL; lower curve ¢ = 0.302 g./dl. In isobctane at
25° @; upper curve ¢, = 0.285 g./dl. ; lower curve ¢y = 0.235 g./dl. ¢ for fraction D, in ethyl n-heptanoate at 34° @
upper curve ¢ = 0.879 g./dL.; lower curve ¢y = 0.605 g./dl. In isobctane at 25° @; upper curve ¢ = 0.778 g./dl. ; lower
curve ¢p = 0.614 g./dl. -

f zb (dc/az). de involved the deviation from non-ideality should not
za s be severe. However, even though straight lines
are obtained when the data in a good solvent are
treated in the manner described, the apparent molec-

as a function of z, which is required for the correct Ular Weight obtained is still appreciably lower than
evaluation of M and T according to equation 18. that obtained by the correct method.

Similar results are obtained when the data for Conclusions
fraction B, M, 278,000, are treated in this manner From the preceding discussion and consideration
(Fig. 3b). Although under “© conditions” the of experimental results it is clear that ideal solu-
data can be fitted by a straight line, the molecular tion behavior of fexible chain molecules can be at-
weight calculated from the slope of this line is tained in the equilibrium ultracentrifuge. An
slightly higher than the true molecular weight; unambiguous and simple analysis can then be
the curve is probably slightly concave upward, in- made of the experimental data. Thus the weight
dicative of a small amount of polydispersity. In average molecular weight of a polymeric solute can
the good solvent the data can be interpreted as for be obtained without regard to its heterogeneity.
fraction A. The heterogeneity of a polydisperse polymeric

The results for fraction D, plotted in Fig. (8c), solute is then describable by the relations pre-
are quite different. For experiments in ethyl n- viously developed.® ; .
heptanoate at 34° straight lines do not result which The_difficulties of treating such experimental
can only mean that the solute is polydisperse. data obtained In non-ideal solution have been dis-
The “apparent ideal molecular weights” vary from cussed and the inadequacies of the present em-
60,000 to 173,000, the higher molecular species oc- pirical method of treatment have been indicated.
curring at the higher values of z, s.e., in the direc- On the other band for a monodisperse polymeric
tion of sedimentation. The weight average molec- solute, the possibility exists that the equilibrium
ular weight of this sample is 85,000 which is con- centrifuge could be an important tool in studying
sistent with the above observations. In the good the thermodynarguc beh&V}Ol‘ of P01YI?161‘ solu-
solvent, surprisingly enough, straight lines do re- tions.» V. eriffication of this latter point must
sult and give an apparent molecular weight of await further experimental mvestigation.
60,000. For this polydisperse solute at the higher Nore Appep v Proor:—Recent theoretical considera~

oo L) o tions of the thermodynamics of dilute polymer solutions by
z values, with its greater solute concentration and Orifino and Flory™ indicate the possibily that the tommers.

greater concentration of higher molecular weight  {hre at which the second virial coefficient vanishes might
species, the deviations from ideality are sufficient By
: e ent ideal molecular weight 25) M. Wales, J. Applied Phys., 22, 735 (1951).
zﬁ %IYG %ﬁ .Sa,I(Iile ?prar b ld 9 £ Ch for %h (26) T. A. Orifino and P. J. Flory, presented before 130th Meeting
at 1s obtamed a .OW61‘ va, 'ues oI = where 1o T € of the American Chemical Society, Atlantic City, N. J., September,
lower molecular weight species and concentrations 1956.

for use with equation 23, it is extremely difficult
to obtain accurate values of the ratio ¢,/(dey/dx)
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depeéld fhgh;;}(}i' uptonhthe polymer pftjloleclﬂarﬂ alt‘?’eight- ?ﬁh Acknowledgment.—The authors wish to ac-
an effect would not, however, significantly alter any of the . - s - .

major conclusions of this paper, which are concerned with knowledge very }ntere§mng discussions with H.
much greater deviations from ideality. Leaderman on this subject.



